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Motivation  
-  Exploit Embedded Structures : Stochastic, PDE, Network, Distributed, …  
-  Enable Scalable and Modular Linear Algebra 
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Stochastic, Network 

Reduced Space (PDE) 

Stochastic PDE, Stochastic Network 

min f(u, x)

s.t. g(u, x) � 0
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Stochastic PDE Network 
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Motivation 
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Natural Gas Electricity 

 
Practical Problems Have Embedded Structures 
 
Challenges 
•  ������How to Exploit Structures in a Scalable Manner?  
•  How to Deal With Nonconvexities in Structured Problem?  

 



Outlines 
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Technical Motivation 

Inertia-Free Algorithm 

Numerical Studies (PIPS-NLP) 



Interior-Point Framework 
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(�)

(⌫)

Nonlinear Problem (NLP): Barrier Subproblem (NLP-µ) 

min '

µ(x) := f(x)� µ

nX

j=1

lnx(j)

s.t. c(x) = 0, (�)

KKT conditions of NLP-µ: 
r

x

f(x) +r
x

c(x)T�� ⌫ = 0

c(x) = 0

XV e = µe

x, ⌫ � 0

X := diag(x)

V := diag(⌫)
e := {1, 1, . . . , 1}

min f(x)

s.t. c(x) = 0

x � 0
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Filter Line-Search Globalization (Waechter & Biegler, 2006)  
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���Sufficient Reduction (SRC): 
✓(xk(↵k,l))  (1� �✓)✓(xk) or '(xk(↵k,l))  '(xk)� �'✓(xk)

Case I: If (CVC) and (SC) hold then       is a descent direction and we check if (AC) 
holds. The filter IS NOT updated.  
 
Case II: If (CVC) or (SC) does not hold then we check if (SRC) holds. The filter IS 
updated.  

Constraint Violation (CVC): 

How to ensure step is of descent under Case I?   

dk

✓(xk(↵k,l))  cmin

cmin

F := {✓(x),'(x)}

✓(x) := kc(x)k

'(x) := '

µ(x)

���Switching (SC): 
mk(↵k,l) < 0 and [mk(↵k,l)]

s' [↵k,l]
1�s'

> �[✓(xk)]
s✓

where mk(↵) := ↵g>k dk is the model of the objective.

Armijo (AC): 
'(xk(↵k,l))  '(xk) + ⌘'mk(↵k,l)



Step Computation Assumptions (Waechter & Biegler, 2005)   
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•    

•    

•                                        
•                     .  

Lemma (Descent): 

Let assumptions G hold. If {xki} is a subsequence for which �ki � ✏ with a

constant ✏ > 0 independent of i, then there exists constants ✏1, ✏2 > 0, such

that

✓(xki)  ✏1 =) mki(↵)  �✏2↵

for all i and ↵ 2 (0, 1].

�k is the criticality measure (norm of the tangential component of dk).

G5: 9 ✓inc > 0 so that k /2 Rinc whenever ✓(xk)  ✓inc.

G3: Wk are uniformly positive definite on the null space of Jk.

G4: 9 MJ > 0 so that �min(Jk) � MJ .

G2: Wk are uniformly bounded for all k /2 Rinc.

G1: There exists an open set C in which '(x) and c(x) are

di↵erentiable and their function values and derivatives are bounded.

•                                        



Inertia Correction  
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Inertia information can be obtained from MA27, MA57, and Pardiso. 

If inertia test fails, regularize Hessian: 

Inertia test:               Inertia(Mk) = (n,m, 0)

Issues 
•  Different linear solvers may return different inertia estimates. 
•  Even for the same solver, different parameter settings may provide different estimates. 
•  Is difficult/impossible to get inertia from structured problems.  


W

k

+ �
x

I
n⇥n

JT

k

J
k

� 
d
k

�+
k

�
= �


g
k

c
k

�

Symmetric indefinite factorization of                                 of the form     
 

Mk :=


Wk JT

k
Jk

�
LBLT

Mk :=


Wk JT

k
Jk

�



Block-Bordered-Diagonal (BBD) Structure 

⇣
K0 �
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!K!B!

⌘
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X
BT

!K
�1
! r!)

K!�w! = �r! �B!�w0

Schur Decomposition 

Haynsworth Inertia Additivity Formula 

Inertia test: 

Block-Based: Enforce Correct Inertia for Each Block and Check Inertia of Schur Complement        
Central-Based: Get Sum of Inertias and Perform Inertia Test 

How to Do it ( Block-Based vs. Central-Based )? 
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Inertia(M) = (n,m, 0)

Inertia(M) = Inertia(K0 �
X

BT
!K!B!) +

X
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Inertia(K!)

Meaning of Inertia of A Block Might Not Be Clear 

-1 
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Outlines 
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Technical Motivation 

Inertia-Free Algorithm 

Numerical Studies (PIPS-NLP) 



 
 
 
 

    

Inertia-Free Algorithm : Assumptions 
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•  RG3-1:                  

•  RG3-2:  

•  RG3-3:  

Mk(�) is nonsingular

Wk(�) is nonsingular

Define dk := nk + tk where Jknk = �ck and tk is computed from


Wk(�) JT

k
Jk

�

| {z }
Mk(�)


tk
�+

�
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gk +Wk(�)nk

0

�

Step computation 

•    

•    

•                                        
•                     .  
G5: 9 ✓inc > 0 so that k /2 Rinc whenever ✓(xk)  ✓inc.

G3: Wk are uniformly positive definite on the null space of Jk.

G4: 9 MJ > 0 so that �min(Jk) � MJ .

G2: Wk are uniformly bounded for all k /2 Rinc.

G1: There exists an open set C in which '(x) and c(x) are

di↵erentiable and their function values and derivatives are bounded.

•                                        

tTkWk(�)tk � ↵ttTk tk, ↵t > 0
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�k := ||tk||
Lemma: Well-Defined Criticality Measure 

Lemma: Descent Lemma 

Criticality Measure 

Inertia-Free Algorithm : Global Convergence 

Let Assumptions RG3-1, RG3-2, and G4 hold. If {xki} is a subsequence of

iterates for which �ki � ✏ with a constant ✏ > 0 independent of i, then there

exists constants ✏1, ✏2 > 0, such that

✓(xki)  ✏1 =) mki(↵)  �✏2↵

for all i and ↵ 2 (0, 1].

Let RG3-2, RG3-3, and G4 hold. Consider a subsequence {xki} with limi!1xki =

x

⇤
for feasible x

⇤
, let nki satisfy Jkinki = �cki , and let tki solve the augmented

system. Then

lim

i!1
�ki = 0 ! lim

i!1
kZT

ki
gkik

•  RG3-1:                  

•  RG3-2:  

•  RG3-3:  

Mk(�) is nonsingular

Wk(�) is nonsingular

tTkWk(�)tk � ↵ttTk tk, ↵t > 0
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Technical Motivation 

Inertia-Free Algorithm 

Numerical Studies (PIPS-NLP) 



0 0.5 1 1.5 2 2.5 3 3.5 4
20

30

40

50

60

70

80

90

100

 log2(o) − Iterations

%
 P

ro
bl

em
s

 

 

dWd
LBL

Inertia vs. Inertia-Free: CUTEr Experiments 
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Inertia-Free 
Inertia 
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Inertia vs. Inertia-Free: CUTEr Experiments 
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Inertia-Free 
Inertia 



Effect of Pivoting Tolerance IEEE 162cart

Inertia vs. Inertia-Free: Larger Experiments 
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Problem Domain Algorithm Objective Iter Fact

building det Buildings Inertia-Free 1.74⇥103 127 161
Inertia 1.74⇥103 180 341

building stoch A Buildings Inertia-Free 1.89⇥103 167 181
Inertia 1.89⇥103 170 270

building stoch B Buildings Inertia-Free 1.95⇥103 319 417
Inertia 1.95⇥103 170 270

IEEE 162cart Power Grid Inertia-Free 1.64⇥100 23 23
Inertia 1.64⇥100 104 330

stochPDEgas A Gas Network Inertia-Free 1.73⇥102 35 35
Inertia 1.73⇥102 34 35

ma57pivtol Algorithm Iterations Factorizations

1⇥ 10�3 Inertia-Free 23 23
Inertia 104 226

1⇥ 10�4 Inertia-Free 23 23
Inertia 101 228

1⇥ 10�5 Inertia-Free 23 23
Inertia 179 428

1⇥ 10�6 Inertia-Free 23 23
Inertia 151 355



Natural Gas Optimization: Stochastic-PDE-Network 
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Scalability Results for Gas Network 
  

No.Sce n Obj Iters Time(hh:mm:ss) MPI Proc.
96 1,930,752 1.39⇥102 42 01:13:16 8
96 1,930,752 1.39⇥102 42 00:38:18 16
96 1,930,752 1.39⇥102 42 00:24:55 24
96 1,930,752 1.39⇥102 42 00:19:23 32
96 1,930,752 1.39⇥102 42 00:12:42 48
96 1,930,752 1.39⇥102 42 00:06:48 96

No.Sce n Obj Iters Time(hh:mm:ss) MPI Proc.
96 1,930,752 1.39⇥102 42 00:29:54 8
96 1,930,752 1.39⇥102 42 00:14:45 16
96 1,930,752 1.39⇥102 42 00:10:00 24
96 1,930,752 1.39⇥102 42 00:07:36 32
96 1,930,752 1.39⇥102 42 00:05:14 48
96 1,930,752 1.39⇥102 42 00:02:54 96
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Exploiting Stochastic Structure 

Exploiting Stochastic + PDE Structure 
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Scalability Results for Gas Network 
(Larger Tests)  
Exploiting Stochastic Structure 

Exploiting Stochastic + PDE Structure 

Argonne’s Fusion Cluster 
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Network Partitioning : Belgium Gas Network  (Smeers, 2000) 

       Nx: # of Spatial Discretization per Pipe  

Nx=3,000 à  1,296,426 variables in one sub-network 

Nx Time(Full) Time(Parallel)

50 00:00:08 00:00:08

100 00:00:19 00:00:19

500 00:03:24 00:02:46

1000 00:13:17 00:07:33

3000 01:50:08 00:53:32
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Conclusions 

PIPS-NLP:  
•  Inertia-Free Algorithm (Inertia Detection for Some Classes) 
•  Modular Linear Algebra 
•  Modularity Enables:  Symmetric Solvers (MA57, PARDISO) 

              Unsymmetric and Dense Solvers (UMFPACK, MAGMA, PETSc)  
                     Custom Solvers 

Future Work: 

•  Inexact Filter Line-Search 
•  Gas+Electricity Networks 

21	  



Thank you for your attention! 
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